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ABSTRACT 
The Laplacian Pyramid is a new and 
efficient method for image encoding. 
The method is of increasing interest 
as band-pass pyramids and multiresolution 
images are being used in other image 
processing applications. The Pyramid 
Coding system is a hierarchical structure 
well suited for progressive image trans- 
mission over low-speed channels and 
hierarchical image retrieving in com- 
puterized image storage. 
The goal if this paper is to present 
a new pyramidal image structure that 
uses algorithms defined on arbitrary 
non-rectangular sampling lattices. An 
adaptive technique is also developed 
that assigns to the pyramidal structure 
an optimum sampling lattice as a function 
of the frequency content of the original 
image. 
1. INTRODUCTION 
Burt and Adelson have proposed an 
efficient Pyramidal Coding method (11. 
Their approach uses the Laplacian Pyramid 
to produce an approximate frequency 
decomposition using algorithms defined 
on rectangular sampling lattices. 
The Pyramidal Coding is a predictive 
and non-causal method. The original 
image Io is predicted by a low-pass 
version I1 of it. In is formed using 
local weighting averaging with unimodal 
Gaussian-like bidimensional operators. 
The prediction error is given by 
Eo = I -I 0 1  
Coding Eo and I1 is equivalent to directly 
code the picture itself. Data compression 
is achieved because I is a low-pass 
image what implies tdat the sampling 
density may be reduced. E o  is a de- 
correlated error high-pass image, there- 
fore, it may be represented with less 
bits, because the low sensitivity of 
the eye at these frequencies. The Gaussian 
and Laplacian pyramidal structures, 
are constructed based on both the low-pass 
versions {I1} and error images respect- 
ively. These images are defined on rec- 
tangular lattices. 
The coding efficiency can be improved 
since the method is independent of the 
image content, i.e., is not adaptive 
and the pyramidal structure is always 
built from data sampled on rectangular 
lattices. 
More accurate prediction and, hence, 
greater data compression is achieved 
if for each original image, the low-pass 
images I1 are defined on appropiate 
bidimensional sampling lattices thus 
compacting the content information and 
minimizing the redundancy of the error 
images. 
In this paper, non-rectangular sam- 
pling lattices are applied to construct 
the pyramidal coding. The basic idea 
is to find for each image a suitable 
sampling lattice associated to the pyra- 
midal structure to provide the best 
information compaction. That is accom- 
plished by using an adecuate sampling 
lattice in such a way that the Gaussian 
and Laplacian pyramids can be represented 
with minumum entropy and minimum physical 
support. 
The new pyramidal structure is built 
using the fast algorithms described 
in (21 which have been generalized for 
arbitrary sampling lattices. These algo- 
rithms use unimodal non-separable gener- 
ating nucleus similar to normal distribu- 
t ions. 
A frequency-domain approach based 
upon both the frequency content of the 
original image, and the shape of the 
reciprocal unit cell associated to a 
certain sampling lattice, assigns the 
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mal sampling lattice to pyramidal 
combine both the Laplacian Pyramid 
and the bidimensional sampling 
ques 131 resulting in a new pyra- 
structure having better performance 
other coding schemes 141, 151, 
for lower bit rates. 
In section 11 we briefly discuss 
ummary of the generalization of the 
Laplacian Pyramid based on the Generalized 
Hierarchical Discrete Correlation, GHDC. 
In section 111 the adaptive scheme is 
resented and results are discussed. 
inally in section IV conclusions are 
2 .  NON-RECTANGULAR LAPLACIAN CODING 
The generalized pyramid coding with 
an associated sampling lattice defined 
y a matrix M, is based on the trans- 
ission of a set of band-pass images 
{E$ defined on arbitrary sampling lat- 
ices MI. These images are stacked as 
secuence of decreasing dimensions 
hus constituting the pyramid data struc- 
ure. The set of band-pass images can 
ained convolving the original 
th D.O.G. functions 171. 
D.O.G. functions are 
fined as the difference between bidi- 
normal -distr_ibutions of differ- 
ances ul, u2 and parameters 
r2. The bidimensional normal dis- r1 
tribution is given by 
here 1 is the level of the G.H.D.C., 
) is the equivalent 1-level nucleus 
and U(:) is the generating nucleus. 
This algorithm shows that the correlation 
of the function F 0 (x) with the equivalent 
nucleus can be recursively computed 
as 1 correlations with the generating 
nucleus. The nuc le u_s has 
2 support reg 
is obtained by g the reduced 
version of G.H.D. key difference 
between our coding me and the Burt- 
the pyramidal cod defined on an 
arbitrary samplin tice rather than 
on a rectangular . The new scheme 
is implemented in 
1. A set {Il}, OslcN, of N low-pass 
versions of the original image defined 
on sampling lattices {MI} is obtained 
reduced form 
0,ClC N - 2 
image. M is 
the as to the pyramidal 
coding e sampling lattice 
or geometry w(i,j) is the 
generating n e low-pass images 
defined on can be stacked on a 
pyramidal structure of N levels, where 
the dimension of level image 
mplementation is 
of this scheme is zable if for 
M ,  some in- each level 1 and g 
tegers ( K 1 , K 2 )  can nd such that 
the expression 
( L1+l )x( K1+l ) . 
is fulfilled. ( 
sions of the ori 
2. A set {E and-pass images are 
constructed plying an inverse 
.C. as a suitable form of t 
difference two levels of the 
The band-pass or 
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IN-1 with EN-l= 
and O<n CL +1, Ogn2<K1+1. 
for integer values of IlCl. 
The similarity between the equivalent 
nucleus and the bidimensional normal 
distribution, subject to the constraint 
of the convergence conditions of both 
pyramidal algorithms, allows to design 
the generating nucleus o(n1,n2). Since 
the properties of the generating nucleus 
are translated to the equivalent nucleus 
o(n1,n2) must verify the same properties 
of the normal distribution, e.g., nor- 
malization, unimodality, and symmetry. 
If M=(M1,M2), the symmetry is defined 
with respect to M' and MZ. 
3 .  The set of error images {E1} are 
properly quantized depending on the 
statistics of each level. The histograms 
of the first levels of the error images 
fit approximately the Laplacian prob- 
ability density function, therefore, 
non-uniform quantizers are implemented. 
The parameters of the quantizer are 
designed depending on both the compression 
and the quality of the desired recon- 
structed image. The set of quantized 
images {E;} are coded and transmited 
using variable length codewords. 
4. At the receiver, the set {E;} is 
decoded and the original image is recon- 
structed by successively applying the 
expression 
1 1  
This algorithm is only evaluated 
I'(n n )=E'(n n ) +  1 1 ' 2  1 1 ' 2  
O<li,N-2 
where IA-l=Eh-l, and I'(n n ) is the reconstructed 0 1 2  image. 
Figure 1. shows the block diagram 
of the generalized Pyramidal Coding 
with an associated geometry M. The algo- 
rithms (4) and (6) are modeled as bi- 
dimensional decimation and interpolation 
techniques. The bidimensional decimation 
techniques are obtained through low-pass 
filtering and down-sampling. The bidimen- 
sional interpolation techniques are 
obtained through up-sampling and low-pass 
filtering. 
The pyramidal coding proposed by 
Burt and Adelson becomes a particular 
2 0  case if M =  ( o  1 .  
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Figure 1. Block Diagram of the generalized 
pyramidal coding. 
3. ADAPTIVE PYRAMIDAL CONDING 
The use of non-rectangular geometries 
in the construction of the band-pass 
images allows to split the spectrum 
in regions of similar statistics, increas- 
ing the efficiency of the coding and 
adapting the coding process to the image 
characteristics. 
The support region, characterized 
by its shape and dimensions, of the 
band-pass images, is selected through 
the geometry associated to the Pyramidal 
Coding. The optimum sampling lattice 
is assigned to each image using frequency 
criteria. 
In the frequency domain the optimum 
geometry is obtained in three steps. 
1. A binarized image of the spectrum 
magnitude is constructed, where one 
level corresponds to 98% of the signal 
energy. 
2. A set of binary images {B.} repre- 
senting the reciprocal sampling lattice 
shape for each geometry Mi, is built. 
3. The spectrum of the image is 
compared against a reference set {Bi}. 
This comparison gives the optimum sampling 
lattice. 
It has also been developed an algo- 
rithm on the spatial domain that finds 
the optimum geometry for which the bit 
rate is minimized for a given original 
image. This algorithm is based on the 
shape of the autocorrelation function 
of the image. 
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The r e s u l t s  o b t a i n e d  are comparable  
t o  t h o s e  o b t a i n e d  u s i n g  t h e  a d a p t i v e  
f r equency  domain approach .  
The b i t  r a t e  of  t h e  py ramida l  cod ing  
a s s o c i a t e d  geometry M i s  a f u n c t i o n  
t h e  number of l e v e l s  and a l s o  of  
l e v e l s  dimension and e n t r o p y  
( 8 )  
e r e  B1 i s  t h e  e n t r o p y  and J1 i s  t h e  
mber of p i x e l s  of t h e  l e v e l  1. 
4 .  C O D I N G  RESULTS A N D  CONCLUSIONS 
F i g u r e  2 .  shows t h e  f o u r  l e v e l s  of 
py ramida l  s t r u c t u r e s  11) and {E1} 
F igure  3. shows " L E N A "  coded a t  0 . 4 1  
2 - 2 )  
nd 0 . 3 6  b i t s  p e r  p i x e l  u s i n g  a ( 
eometry.  The s i g n a l - t o - N o i s e  r a t i o s  
re 22.8 and 2 2  dB r e s p e c t i v e l y .  The 
e s u l t s  have been o b t a i n e d  using the two 
a d a p t i v e  a l g o r i t h m s  e x p l a i n e d  above.  
Not h a t  t h e  f r equency  domain approacll  
and s p a t i a l  domain approach  g i v e  
t h e  r e s u l t s .  
2 2  
work e x p l a i n e d  above h a s  shown 
t h a t  t h e  e f f i c i e n c y  of t h e  py ramlda l  
g scheme can  be improved i f  a p p r o p r i -  
s ampl ing  l a t t i c e  are chosen .  Two 
i t h m s ,  one i n  t h e  f r equency  domain 
nd t h e  o t h e r  i n  t h e  s p a t i a l  domain 
r e  p r e s e n t e d  which a l l o w  t o  select  
he optimum sampling l a t t i c e .  
a )  b )  
a )  1%) b )  { I ~ I  
igure 2. Four levels of the pyramidal structures. 
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